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Abstract. Suppose M is a noncompact connected oriented C°° n-manifold and U) is a positive 
volume form on M. Let T> + (M) denote the group of orientation preserving diffeomorphisms of M 
endowed with the compact-open C°° topology and T>(M; u>) denote the subgroup of ^-preserving 
diffeomorphisms of M. In this paper we propose a unified approach for realization of mass transfer 
toward ends by diffeomorphisms of M. This argument together with Moser's theorem enables us to 
deduce two selection theorems for the groups T> + (M) and T>(M;u). The first one is the extension 
of Moser's theorem to noncompact manifolds, that is, the existence of sections for the orbit maps 
under the action of T> + (M) on the space of volume forms. This implies that T>{M;ui) is a strong 
deformation retract of the group T> + (M; E M ) consisting of h £ T> + (M) which preserves the set E M of 
a;-finite ends of M. The second one is related to the mass flow toward ends under volume-preserving 
diffeomorphisms of M. Let T>e m (M;ui) denote the subgroup consisting of all h £ T>(M;u>) which fix 
the ends Em of M. S. R. Alpern and V. S. Prasad introduced the topological vector space S{M; uf) of 
end charges of M and the end charge homomorphism d° : T>e m {M;ui) — > S{M;uf), which measures 
the mass flow toward ends induced by each h £ T>e m {M; uj). We show that the homomorphism c" has 
a continuous section. This induces the factorization T>e m (M;u>) = kerc" x S(M;ui) and it implies 
that kerc" is a strong deformation retract of T>e m (M\uj). 



1. Introduction 

The purpose of this article is to study topological properties of groups of volume-preserving dif- 
feomorphisms of noncompact manifolds. The group of diffeomorphisms of a manifold M acts on the 
space of volume forms on M. We can use a family of diffeomorphisms of M to transfer volumes and 
thereby deform a family of volume forms on M. In this article we propose a unified approach for the 
general problem of realizing data of volume transfer toward ends by diffeomorphisms of M (Theo- 
rem [37T]) . We use this realization result, together with Moser's theorem, in order to obtain two main 
selection theorems related to volume-preserving diffeomorphisms of a noncompact manifold M (The- 
orems 11.11 and II. 2p and deduce some conclusions on the group of volume-preserving diffeomorphisms 
of M (Corollaries O and OJ. 

Suppose M is a connected oriented separable metrizable smooth n-manifold possibly with boundary 
and a; is a positive volume form on M. Let T> + (M) denote the group of orientation-preserving diffeo- 
morphisms of M endowed with the compact-open C°°-topology and P(M;w) denote the subgroup 
consisting of ^-preserving diffeomorphisms of M. 

Our first concern is the relation between the groups V + (M) D T>{M;oj). Let V + {M) denote 
the space of positive volume forms /1011M endowed with the compact-open C°°-topology, and for 
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m G (0,oo] let V + (M,m) = {/i G V + (M) \ fJ,{M) = m}. The group T> + (M) acts continuously on 
V+(M,m) byh-n = Kn (= (Tt -1 )*^) and the group D(M; to) coincides with the stabilizer of oj under 
this action. 

When M is compact, Moser's theorem [2j[3l[9] asserts the transitivity and the existence of sections 
of the orbit maps under this action. Similar results for measure-preserving homeomorphisms were 
obtained by von Neumann-Oxtoby-Ulam [TT] and A. Fathi [7]. 

When M is noncompact, it is necessary to include some informations on the ends of M [HE]. 
For an open subset F of the space Em of the ends of M, consider the subgroup V + (M; F) = {h G 
T> + (M) I h{F) = F}, where h is the natural homeomorphic extension of h to the end compactification 
of M. We also need to introduce the spaces 

V + (M;F) ew = {fj,EV + (M) \E M = F} and V + (M; m, F) ew = V + (M; F) n V + (M; m), 

where E M is the set of //-finite ends of M. According to R. Berlanga |4] these spaces are endowed 
with the finite-ends weak C°°-topology ew (cf. Section 2.4). The group V + (M;F) acts continuously 
on V + (M; m, F) ew by h ■ /i = and the subgroup T>(M; oj) coincides with the stabilizer of u under 
this action. The transitivity of this action was shown by R. E. Greene - K. Shiohama [8]. The similar 
problem for measure-preserving homeomorphisms were studied by R. Belranga [5] . He has really 
obtained the result on existence of sections for orbit maps [3] . The first application of Theorem 13.11 
is the C°°-version of this result, that is, the extension of Moser's theorem to noncompact manifolds. 
Let Vq{M)\ denote the path-component of idu in the group Vq(M) = {h £ V(M) \ H\qm = ^<9A/}- 

Theorem 1.1. Suppose P is any topological space and : P — > V + (M; F) ew are continuous maps 
with Hp{M) = v p (M) (p G P). Then there exists a continuous map h : P — > Dq(M)i such that for 
each p G P (1) h Pjt fi p = u p and (2) if fi p = v p , then h p = idM- 

Corollary 1.1. Let uj G V + (M) and set m = u(M) and F = E M . 

(1) The orbit map : T> + (M;F) — > V + (M; m, F) ew , ~Ku{h) = h^oo, admits a continuous section 
a : V + (M;m, F) ew — > T>g[M)\ such that <t(lj) = idM- 

(2) (i) V+(M- F) V+(M; m, F) ew x V(M; u). 

(ii) T>{M;uj) is a strong deformation retract ofT> + (M;F). 

Next we are concerned with an internal structure of the group T>(M;lu). When M is noncompact, 
one can measure volume transfer toward ends of M under volume-preserving diffeomorphisms which 
fix the ends Em- This quantity is described by the end charge homomorphism 

c w :V Em {M;u) ^ S(M;uj) 

introduced by S. R. Alpern and V. S.Prasad pp. An end charge of M is a finitely additive signed 

measure on the algebra of clopen subsets of Em- Let S{M) denote the topological linear space of 

all end charges of M with the weak topology and let S(M;lo) denote the linear subspace of S(M) 

consisting of end charges c of M with c(Em) = and c\e^ [ = 0. For each h G T>e m (M;lu) an end 
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charge G <S(M;u;) is defined by 

c%(E c ) = u(C - h{C)) - u(h(C) - C), 

where C is any n-submanifold of M such that Fr mC is compact and Eq C Em is the set of ends of 
C. This quantity represents the total uj - volume (or mass) transfered by h into C and into Eq in the 
last. Hence, the end charge d£ describes mass flow toward ends induced by h. 

The group T>e m (M; uj) acts continuously on <S(M; w) by h • a = + a. The end charge homomor- 
phism c u : T>e m (M;uj) — > S(M;uj) coincides with the orbit map at G S{M;uj) under this action. 
In [12] we have shown that the end charge homomorphism for measure-preserving homeomorphisms 
has a continuous section. As the second application of Theorem I3.lt we show that the end charge 
homomorphism for volume-preserving diffeomorphisms also has a continuous (non-homomorphic) 
section. 

Theorem 1.2. Suppose P is any topological space and \i : P — > V + (M) and a : P — > <S(M) are 
continuous maps such that a p G S(M;fj, p ) (p G P). TTien i/iere exists a continuous map h : P — > 
T>q(M)i such that for each p G P 

(1) Zip G T)g(M; Hp)\, (2) = a p and (3) i/a p = 0, i/ien /i p = idM- 

Corollary 1.2. Let uj G V + (M). 

(1) Tae end charge homomorphism c u : Dg M (Af;w) — > 5(M;u;) admits a continuous section 
s : S(M;uj) — > Vq(M;uj)i such that s(0) = idjvf- 

(2) (i) P £m (M; uj) ^ ker x S(M; uj) . 

(ii) kerc 1 ^ is a strong deformation retract of T>e m (M;uj). 

The group kerc^ contains the subgroup V c {M;uj) consisting of w-preserving diffeomorphisms with 
compact support. In a succeeding paper we will investigate the relation between these subgroups. 

This paper is organized as follows. Section 2 is devoted to generalities on end compactifications, 
diffeomorphism groups, spaces of volume forms and end charge homomorphism. In Sections 3.1 and 
3.2 we discuss volume transfer by engulfing isotopies and obtain a fundamental deformation lemma. 
In Section 3.4 we state and prove Theorem 13.11 the main theorem in this article. Theorems 11.11 11.21 
and their corollaries are proved in Section 4. 

2. Preliminaries 

2.1. Conventions. 

Throughout the paper, a C°° n-manifold M means a separable metrizable C°° n-manifold possibly 
with boundary. We add the phrase "possibly with corners" when we allow that M has corners modeled 
on [0, oo) 2 x M n ~ 2 . In this paper corners appear only when we cut an n-manifold with boundary by 
a proper (n — l)-submanifold. 
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Suppose M is a C°° re-manifold possibly with corners. The notations Int M and d = dM denote 
the interior and boundary of M as a manifold. For a subset A of M, let FimA, c1m^4 and Intj\^ 
denote the frontier, closure and interior of A relative to M. 

A C°° n-submanifold N of M means a closed subset of M such that (a) FtmN is a proper C°° 
(re — l)-submanifold of M and (b) FrjvfiV does not meet the corners of M. Hence N is a C°° n-manifold 
with corners FimN H dM (together with other corners of M included in N) and N c = cIm{M — N) 
is also a C°° n-submanifold of M. 

When M has corners, a collar E of dM in M is locally modeled on Eq x R"" 2 , where £"o = 
[0,2] 2 \ [0, l) 2 C R 2 . The collar £ has the base C = [0,2] 2 \ [0,2) 2 and the collar arcs I x = 
{(1 - t/2)x | i G [0,1]} {x G C) (so that the level sets consist of F t = (1 - t/2)C (t G [0, 1])). The 
notation F = <9M x [0, 1] simply indicates the (non-diffeomorphic) parametrization of E. 

The symbols B(M), 1C(M) and C(M) denote the sets of Borel subsets, compact subsets and 
connected components of M respectively. Let B C (M) = {C G B{M) \ ¥im C : compact} and 
B c ,o(M) = {C G B C (M) | Fvm C has zero Lebesgue measure}. 

A Radon measure on M is a Borel measure (ionM such that u(X) < oo for each K G /C(M). 
A Radon measure u on M is called good if = for each point p G M and «([/) > for any 
nonempty open subset U of M. Let Ai®(M) denote the space of good Radon measures /ionM with 
^(dM) = endowed with the weak topology. For fi,u G Aig(M) we say that v is /i-biregular if /z 
and v have the same collection of null sets. Let A4g(M, ju-reg) = G A^^(M) | i/ is /U-biregular}. 

(cf. m mmm) 

By C°°(M) we denote the space of C°°-functions / : M — » M endowed with the compact-open 
C°°-topology. For J C M we have the subspace C°°(M, I) = {/ G C°°(M) | /(M) C /}. 

The symbol J7 n (M) denotes the space of n-forms on M endowed with the compact-open C°°- 
topology. When M is oriented, V + (M) denotes the subspace of £l n (M) consisting of positive volume 

forms on M. For any cu G V + (M), the space V + (M) admits a canonical afhne contraction onto {uj}: 

<p : V+(M) x [0, 1] -» V+(M), ^(/i) = (1 - + iw. 
Each a; G V + (M) induces a Radon measure 2 G A^^(M) defined by 

2(B) = / u= f xbu {B G B(M)), 

J B JM 

where xb is the characteristic function of B (i.e., xb = 1 on B and xb = on M — B). Since 
cD-reg) for any /i G V + (M), this determines a canonical continuous map V + (M) — > 
w-reg). For simplicity, we denote cD by the same simbol uj. Note that C G B(M) has zero 
Lebesgue measure iff w(C) = 0. 

By D(M) we denote the group of diffeomorphisms of M onto itself endowed with the compact- 
open C°°-topology. The support of h G T>(M) is defined by supp/i = cIm {x G M \ h(x) ^ x}. Let 
V C (M) = {h G V{M) | supp/i : compact} and for A,B C M we set 

P A (M, B) = {/ig D(Af) | h\ A = id A , h{B) = B) and V C A {M, B) = V A (M, B) n P C (M). 
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When M is oriented, T> + (M) denotes the subgroup of T>{M) consisting of orientation-preserving 
diffeomorphisms of M. For u G V + (M) we say that h G T>{M) preserves u if the pullback h*tu = to 
(or the pushforward h*u = (/i _1 )*o; = uS). Let T>(M;uj) denote the subgroup of T> + {M) consisting of 
w-preserving diffeomorphisms of M. 

For any subgroup G of T>(M), the symbol G\ denotes the path-component of idu in G. When 
G C V C (M), by G\ we denote the subgroup of Gi consisting of h G G which admits a path ht G G 
(t G [0,1]) such that ho = idjif, h\ = h and there exists if G JC(M) with supp/if C if (t G [0,1]). 
Since G is a topological group, for any continuous maps ip, ip : P — > G, the composition -093 : P — > G, 
(ipip) p = i^pfp and the inverse c/? -1 : P — » G, (</? _1 )p = V^p 1 are also continuous maps. We say that a 
map ip : P — > G (or a map ^ : P — s- J7 n (M)) has locally common compact support in V C M if for 
each point p G P there exists a neighborhood £/ of p in P and X G /C(V) such that supp^q C K (or 
supp/iq C if ) (q G U). 

2.2. Ends of manifolds, (cf. @]) 

Suppose M is a noncompact, connected G°° n-manifold possibly with corners. An end of M is 
a function e which assigns an e(K) G C(M — K) to each if G K(M) such that e(ifi) D e(K2) if 
ifi C if 2- The set of ends of M is denoted by Pm- The end compactification of M is the space 
M = M U Pm endowed with the topology defined by the following conditions: (a) M is an open 
subspace of M, (b) the fundamental open neighborhoods of e G Em are given by 

N(e,K) = e{K) U {e 1 G E M \ e'(K) = e(K)} (K G K(M)). 

Then, (i) M is a connected, locally connected, compact, metrizable space, (ii) M is a dense open 
subset of M and (iii) Em is a compact 0-dimensional subset of M. Thus, for any metric d on M and 
any e > there exists a neighborhood f7 of Pa/ in M such that diam^ G < e (G G C(C/)). 

Let Map(M) denote the space of continuous maps / : M — ► M and let Ti{M) denote the group of 
homeomorphisms h of M onto itself. These spaces are endowed with the the compact-open topology. 
Any metric d on M induces the sup- metric d on Map(M), which is compatible with the compact-open 
topology. For icMwe set 

Map A (M) = {/ G Map(M) | f\ A = id A } and H A (M) = {h G H{M) \ h\ A = id A }. 

For h G V{M) and e G E M we define /t(e) G E M by 

/i(e)(if) = h{e{h- l (K))) G C(M - if) (if G /C(M)). 

Then /i has a unique extension /i G Ti(M) defined by h(e) = h(e) (e G Em) and the map V(M) — > 
7i(M) : h h is a continuous group homomorphism. If /i G 2?(M)i, then h G TLe m (M). For 
A,P C M we set V A (M,B) = {h G 2?(Af) | = id A ,h(B) = P}. 
For each G G B C (M) we set 

G = G U P c , Pc = {e G P A / | e(if) C G for some if G K{M)}. 

Then, Eq is open and closed in Em and G is a neighborhood of Eq in M. 
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For A, B G B(M) we write A ~ c B if the symmetric difference ,4A_B = {A - B) U (B - A) is 
relatively compact (i.e., has the compact closure) in M. This is an equivalence relation and for 
C, D G B C {M) we have (i) C ~ c L> iff E c = E D and (ii) C ~ c /i(C) for any h G V Em (M). 

For a; G A^g(Af) (or a; G V + (M) when M is oriented), we say that an end e G -Em is w-finite if 
oo(e(K)) < oo for some K G /C(M). We set E M = {e G I e : w-finite}. Then E M is an open 
subset of E M and for C G B C (M) we have that w(C) < oo iff Eq C -E^f ■ 

2.3. Volume transfer and end charge homomorphism. 

First we introduce a quantity which measures volume transfer by diffeomorphisms (cf. \12\ Section 
3.2]). Suppose M is a connected oriented C°° n-manifold possibly with corners and u G V + (M). For 
A,B€ B(M) we write A ~^ B if uj(AAB) < oo. This is an equivalence relation and A ~ c B implies 
A ~ w B. If A ~^ B, then we can define the following quantity: 

J u) (A,B)=uj(A-B)-uj{B-A) G M. 

If C G <B C (M) and /i G V Em (M), then J" (h' 1 (C) , (J) is just the total w-mass transfered into C by 
/i. If A G B(M) and /,« G D C (M), then J 1 ^/- 1 ^), o^CA)) = (f m u - 
The quantity J w has the following formal properties: 

Lemma 2.1. Suppose A,B,C,D G £>(M). 

(1) 7/i4 ~ w 5, i/ien (i) = J w (A,B)+u(B) and 

(ii) i/w(^4) < oo, then uj{B) < oo and J W (A,B) = u(A) - u(B). 

(2) IfA~ u B~ u C, then J W (A,B) + J W (B,C) = J"{A,C). 

(3) If A^^C, B -v, L>, then (i) iUB~ u CUD and 

(ii) i/An£ = CnL> = 0, &en J U (AUB,CUD) = J W (A C) + ^(B, D). 

(4) IfheV(M) andA^ h!tUJ B, thenh- l (A) ~ w ^(B) and J^^B) = ./"(/^(A), ft- 1 ^)). 

Lemma 2.2. Suppose A,B£ B c fi(M) and A ~ c i?. JTien £/ie following function is continuous : 
<D : V+(M) x £> Em (M) 2 — R : *(ji,f,g) = J»(f(A),g(B)). 

Lemma [2. II is a special case of |12t Lemma 3.1], while Lemma [2.21 follows directly from |12| Lemma 
3.2] since the canonical maps V + (M) — > M.g(M,u-Teg) and T>e m (M) — > TLe m (M, u-veg) are contin- 
uous. 

Next we recall basic properties of the end charge homomorphism defined in [TJ Section 14]. Suppose 
M is a noncompact connected oriented C°° n-manifold possibly with corners and to G V + (M). The 
symbol Q(Em) denotes the algebra of clopen subsets of Em- An end charge of M is a finitely additive 
signed measure c on Q(Em), that is, a function c : Q(Em) R which satisfies the following condition: 

c(F UG) = c(F) + c(G) for F,GeQ(£ M ) with F n G = 0. 

Let 5(M) denote the space of end charges c of M with the wea& topology (or the product topology). 
This topology is the weakest topology such that the function S(M) — > R : ch-» c(F) is continuous 
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for any F G Q{E M ). We set 

S(M-uj) = {c G S(M) | (i) c(E M ) = 0, (ii) c(F) = (F G Q(Em),F C 

Then S(M) is a topological linear space and S(M;uj) is a linear subspace of S(M). 

For h G T>e m (M;uj) the end charge G <S(M;u;) is defined as follows: For any F G Q(Em) there 
exists C G B C (M) with = P. Since C ~ c h(C), we can define as 

<%(F) = JUQT^C), C) ( = J^iC, h(C)) = uj{C - h(C)) - u{h(C) - C)) G K. 

This quantity is independent of the choice of C. 

Proposition 2.1. The map & 1 : T>e m (M;lo) — ► <S(M;u;) is a continuous group homomorphism 
([U Section 14.9, Lemma 14.21 (iv)]). 

2.4. Action of diffeomorphism groups on spaces of volume forms. 

Suppose M is an oriented C°° n-manifold possibly with corners. The group T> + {M) acts continu- 
ously on V + (M) by h ■ fx = h^fJL. The subgroup V(M;uj) coincides with the stabilizer of uj G V + (M). 
For m G (0, oo] we obtain the invariant subspace V + {M;m) = {/i G V + (M) | /x(M) = m}. For 
G V + (M;m) we have the orbit map -k w : V + (M) — * V + (M;m), ir w (h) = h*u). Moser's theorem 
asserts that this orbit map has a continuous section in case M is a compact connected oriented C°° 
n-manifold (J.Moser [9], A. Banyaga [21 [3]). In this article we apply the next version. The following 
notations are used for a collar E = S X [a, b] and A C S, 
E A = {(x, t) G E | x G A}, E\ = {(x, t) G E A \ t > 0}, E A = {(x, t) G E A \ t < 0} and 
£U[<J, e] = {(», i) <E E A \t <E [6(x),e(x)]} for functions <5, e : S — > [a, 6]. 

Theorem 2.1. Suppose M is a compact connected oriented C°° n-manifold possibly with corners 
and E = dM x [0,1] is a collar of DM. Suppose \i,v : P — > V + (M) are continuous maps and 
e : P — > (0, 1/2) is a continuous function such that for each p G P 

(i) fip(M) = u p (M) and (ii) // p = i/ p on E[0, 2e p ]. 

T/ien i/iere exists a continuous map (p : P — > Pg(M)i suc/i f/iai /or eac/i p G P 

(1) ^//p = Wp, (2) 99 p = zd A f on P[0, e p ], (3) if fj, p = u p , then y? p = id M - 

Theorem 12.11 is complemented by the next lemma, which is a parametrized version of |1CH Lemma 
A2]. 

Lemma 2.3. Let M be an oriented C°° n-manifold possibly with boundary. 

(1) Suppose S is a proper {n — l)-submanifold of M , K is a closed subset of S, U is a neighborhood 
of K in S and E = S x [—1, 1] is a bicollar neighborhood of S in M . Then, for any continuous 
maps fj,,v : P — > V + (M) there exist continuous maps tp : P — ► ^ , 5u(Af-_E [7 )(^)i anc ^ £ : P — > 
C°°(S, (0, 1)) smc/i toot /or eac/i p G P 
(i) Vv*l x v = v v on E K [-e p ,s p ], 
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(ii) for each x G S, (a) (p p (E~^) = E^ and (b) if fi p = u p on E^r , then Lp p = id on E^r, 
in particular, if [i p = v p on E^ , then tp p = id on E^ . 

(2) Suppose K is a closed subset ofdM, U is a neighborhood of K in dM and E = dM x [0, 1] is a 
collar of dM in M . Then, for any continuous maps n,u : P — > V + (M) there exist continuous 
maps ip : P — > Vqmu(M-Eu){M)i and e : P — > C°°{dM, (0, 1)) such that for each p £ P, 

(i) ^ p ^ p = v p on E K [0,£p\, 

(ii) for each x € dM, (a) ip p (E x ) = E x and (b) if fj, p = u p on E x , then ij) p = id on E x , 
in particular, if \i p = u p on E, then ip p = idu- 

Remark 2.1. In Lemma 12.31 (1), the map (p p does not fix dM pointwise. To remedy this point, we 
can apply (2) before (1) to obtain the following conclusion. 

(3) Suppose S is a proper (n— l)-submanifold of M and E = S x [—1, 1] is a bicollar neighborhood 
of S in M. Then, for any continuous maps /i, v : P — > V + (M) there exist continuous maps 
iff : P -> V dMu(M _ E) (M, S)i and e' : P -» C 00 ^, (0, 1)) such that for each p G P, 

(i) { p' v ^ v = v v on ^[- £ p' £ p] and 

(ii) if fi p = v p , then ip' p = idy[- 

For completeness we include the proofs of Theorem 12.11 and Lemma 12.31 in Appendix. 

To deal with the noncompact case, it is necessary to include the informations on the ends of 
manifolds ([U [8]). Suppose M is a noncompact, connected oriented C°° n-manifold possibly with 
corners. For m G (0, oo] and an open subset F of Em, we set 

V + (M;F) = {fj. G V + (M) | E M = F} and V + (M; m, F) = V + (M; m) n V + (M; F). 

To distinguish topologies, by V + (M; F) w we denote the space V + (M; F) endowed with the compact- 
open C°°-topology. If C G B C {M) and Eq C F, then we obtain the function 

$ a :V + (M;F) to ^K, $ c (m) = m(C). 

It is easily seen that this map is not continuous if C is not compact. In [4] R. Belranga overcame 
this problem by introducing a stronger topology called the finite-ends weak topology (on the spaces 
of Radon measures). Consider the subspace MUfC M. 

The finite-ends weak topology on the space Aig(M; F) = {/j G A4g(M) \ E^ = F} is the weakest 
topology such that 

(0) the function : Mg(M;F) — ► R : = / f dfj, is continuous 
for any continuous function / :MUF->I with compact support. 

Let Aig(M; F) ew denote the space A4g(M; F) endowed with the finite-ends weak topology. 

Definition 2.1. The finite-ends weak C°° topology on V + (M;F) is the weakest topology such that 

(1) the identity map id : V + (M; F) — ► V + (M; F) w is continuous, 
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(ii) the function <5j : V + (M;F) — > R : $/(/i) = / ///is continuous 

/m 

for any continuous function / :MUF->I with compact support. 

Let V + (M;F) ew denote the space V + (M;F) endowed with the finite-ends weak C°° topology. From 
the definition it follows that the canonical map V + (M; F) ew — > A4g(M; F) ew is continuous. 

Lemma 2.4. If C G B C (M) and E c C F, then the function $ c : V + (M; F) ew -> R, $c(/t) = 
is continuous. 

Proof. Let = clj\/C U Ec and take an open neighborhood U of Fr^C in M such that cIm^ is 
compact. Then K,K — U G /C(M U F) and C = CU Fc is a neighborhood of if - U in M U F. 
Thus, there exists a continuous function / :MUF-> [0, 1] such that / = 1 on K — U and / = on 
(M UF)\C. 

Since / has a compact support in K, by the condition (ii) in Definition 1 2 . 1 1 we have the continuous 
function : V + (M; F) ew — > R. Since the Borel measurable function g = \c ~ f '• M —* [0, 1] has 
a compact support in d&fU, by the condition (i) in Definition 12.11 the map <3? g : V + (M; F) ew — » R is 
continuous. Thus ^c 1 = ^xc = ^/ + ^9 ^ s a ^ so continuous. □ 

The group T> + (M; F) acts continuously on V + (M; F) ew by /i-/x = h*/j,. The subspace V + (M; m, F) eu 
is invariant under this action and for cu G V + (M;m, F) ew we have the orbit map 7r w : 2? + (M;F) — > 
V + (M; m, F) ew , n w (h) = h^uo. The subgroup D + (M;cj) coincides with the stabilizer of uj. The 
transitivity of this action on V + (M;m, F) ew is proved in [8]. 

For the sake of notational simplicity we follow the next convention in the subsequent sections. For 
continuous maps cp : P —> V + (M), fx,u : P — > V + (M) and an n-submanifold N of M, we obtain 
continuous maps (p*fi : P — > V + (Af), (ip*(J,) p = fp^fJ-p and z^jjv : F — > V + (iV), (^|jv)p = ^p\n ■ 

Notation 2.1. The identities for maps (ip*[i)(N) = v(N), y|jv = idjv etc. mean that (ip p ^n p )(N) = 
u p (N) (p G F), v? p |jv = idAr (p G F) etc. 

3. Realization theorem for volume transfer toward ends 

In this section we discuss realization problem of volume transfer toward ends by diffeomorphisms. 
Main theorem 13.11 is applied in the next section to deduce Theorems 11.11 and 11.21 

3.1. Volume transfer by engulfing isotopy. 

Suppose M is a connected oriented C°° n-manifold possibly with corners and d is any metric on 
M. Consider a decomposition M = L Us N such that 

(i) L and N are connected C°° n-sub manifolds of M, 

(ii) S = L n N = Fr^/L = Frj^N, which is a compact proper C°° (n — l)-submanifold of M. 

Lemma 3.1. There exists a continuous map f : (— oo, oo) — ► J)g(M)* such that 
(1) /o = id, f s {L) C f t ( L ) (s < t), 
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(2) there exists a subpolyhedron F of M (with respect to a C°° -triangulation of M) such that 

(i) dim F = n — 1 and dM C F, 

(ii) the map f has a locally common compact support in M — F 

( i.e., for any T > there exists K G JC(M - F) such that supp/ t C K (t G [-T, T]) ), 

(iii) for any K G /C(M — F) there exist — oo < s < t < oo with K C ft(L) — f s (L), 

(3) {/i}-oo<t<oo is equi- continuous with respect to d\M- 

Proof. Take a C°°-triangulation r of M such that L and N are sub-complexes of r. For k = 0, 1, ■ • ■ , n 
let r(/c) denote the set of &:-simplices of r and for t G r let t* = {t G r | t ^ s}. Consider the 
barycentric subdivision r' of r. The barycenter of a simplex s G r is denoted by 6(s). If si,S2 G r 
and si ^ S2, then we have the associated 1-simplex (b(si),b(s2)} of r'. The dual 0-cell e(s) associated 
with an s G r(n) is the barycenter b(s) of s. The dual 1-cell e(t) associated with an t G r(n — 1) is the 
union of 1-simplices (b(t),b(s)) (s G r t ) of r'. Note that #rt = 1 if t C <9M and #Tf = 2 otherwise. 
The dual 1-skeleton Sm of r is the union of all dual 0-cells and dual 1-cells of r. A maximal tree of 
Sm is a tree T of the graph Sm which is a union of dual 1-cells of r and includes all dual 0-cells of r. 

Consider the triangulation t\l of L and t\n of N. Let S'l and Sn be the dual 1-skeletons of t\l and 
t|jv and take maximal trees Ti, of Sl and T/v of Sn such that Tj, C Int L and T/v C Int N. Take any 
(n — l)-simplex sq G r|g, and let T$ denote the dual 1-cell associated to sq. Then T = Tl U T$ U Tjv 
is a maximal tree of the dual 1-skeleton Sm of r. Let F = U{s G r | s (~l T = 0} and U = M — F. 
Then F is a subpolyhedron of M such that dimF = n — 1, dM C F, S D F = S — Int so, and U is 
an open regular neighborhood of T, which is an open C°° n-cell. 

Consider the decomposition of the end compactification M = LUsN. Let F = FUEm, Fl = FnL 
and Fn = F n N. Using (U,T), we can find an engulfing pesudo-isotopy / : [— oo, oo] — > Map^(M) 
in M such that 

(i) (a) 7 = id and J t G H F (M) (t G (-oo, oo)), 

(b) for any T G (0, oo) there exists K G /C(f7) such that supp/t C K (t e [-T, T}), 

(ii) (a) f t =J t \ M € V C F (M) (t G {-oo, oo)), 

(b) the map / : ( — oo, oo) — > V C F {M)\ : t i— >• f t is continuous, 

(c) / has locally common compact support in U, 

(iii) (a) Js(L) % J t (E) for -oo < s < t < oo, 

(b) for any K G K.(U) there exist — oo < s < t < oo such that K C — f s (L), 

(c) 7_oo(L) = J-ooW = M, and Joe© = M, J^N) = F N . 

Since the compact family {/ t }_oo<t<oo is equi-continuous with respect to d, the family {/t}-oo<t<oo 
is also equi-continuous with respect to d\u- Hence, the map / given in (ii) satisfies the required 
conditions. □ 

Now we use the isotopy h t = ff 1 to transfer volume on M. Consider the continuous maps 

Kft(L)-L) (t>0) 



(1) A : V + (M) xl-tl, X(n,t) = J^(/i t _1 (L),L) 



-v(L-f t (L)) (t<0)' 
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(2) W+(M) = {(/z,a) € V+(M) x R | a € (-/i(L), //(iV))} (an open subset of V+(M) x M), 

(3) i : W + (M) — > R, t(fi,a) = X(fi,*)- l (a) (i.e., i = a) iff a = A(/x, i)), 

(4) if : W+(M) I?g(M)i, F (M>o) = 

Since the map A(/i, *) : M — > (— /i(L), /u(iV)) is a monotonically increasing homeomorphism, the map 
i is well defined. Note that h$ = id^ and t(fj,, 0) = 0. 

Lemma 3.2. TTie map P has the following properties: 

(i) H has locally common compact support in Int M. 

(ii) {H( fJ ,^a)~ 1 }(fi,a) is equi- continuous with respect to 

(iii) <n^ a) = a- (iv) tf( Mj0) = id M tfa = 0. 

Remark 3.1. The continuous map 

H : W+(M) x [0, 1] - Pg(M)* ; ff^, = P (/J)So) 
provides a homotopy from Hq = idu to Hi = H with locally common compact support in Int M. 

3.2. Fundamental deformation lemmas. 

Suppose M is a connected oriented C°° n-manifold possibly with corners, d is any metric on M and 
iV is a connected C°° n-submanifold of M such that FtmN is compact. Let C{N C ) = {A\, ■ ■ ■ , A m }. 

Lemma 3.3. Suppose fj, : P — > V + (M) are continuous maps and a{i) : P — > R (i = 0, 1, ■ ■ ■ , to) are 
continuous functions such that 

(a) £™ a(i) = and (b) a(0) > -fi(N), a(i) > -fi(Ai) (i = 1, • • • , m). 

Then there exists a continuous map ip : P — > X>g(M)* swc/i that 

(1) (i) </3 /ias locally common compact support in IntM {and there exists a homotopy from <p to 

the constant map idM with locally common compact support in IntM), 
(ii) the family x } is equi- continuous with respect to d\M, 

(2) (i) Jn(tp-\N),N) =a(0) ana 1 (ii) ./"for 1 (A), A) = o(t) (i = 1, ■ ■ ■ , m), 

(3) if p € P and a p (i) = (i 6 {1, • • • , to}), i/ien y> p = idM- 

Remark 3.2. In Lemma 13.31 we note the following points. 

(A) The condition (2) (ii) implies (2)(i). This follows from the condition (a) and the equation 

J^( V? - 1 (iV),iV) + E i J"^" 1 ^),^) = ■/"(^(MJ.AT) = J"(M,M) = 0. 

(B) If the condition (b) is replaced by (b)' a(0) < fi(N), a(i) < /i(Aj) (i = 1, • • ■ , m), 
then the condition (2) is replaced by 

(2)' (i) J»(N,ip- 1 (N)) = a(Q) and (ii) J> I -(A i ,ip- 1 (A i )) = a(i) (t = 1, • • • ,m). 

This is verified by applying Lemma 1331 to the functions — a«. 
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Proof of Lemma 13.31 [1] First we verify the case m = 1. The argument in Section 3.1 can be 
applied to M = A\ U N so to yield the associated map H : W + (M) — > PS(M)*. From the conditions 
(a) and (b) it follows that (/i p ,a p (l)) G W + (M) (i.e., a p (l) <E (-/i p (^i),/i p (iV))) for each p £ P. 
Thus, we obtain the composition 

V9 : P -> 23g(M)J, = #(^(1)) (P G P)- 

The required properties of </? are verified by Lemma 13.21 and Remarks 13.11 and 13.21 (A). 

[2] We proceed by the induction on m. For m = we can take (p = idj^- Suppose m > 1 and 
assume that the assertion holds for m — 1. To prove the assertion for m, first we apply the inductive 
hypothesis to the data : M = (N U A\) U A% U • • • U A m and a(0) + o(l), a(2), • • • , a(m) to yield a 
map ifi : P — ► Z>£(M)* which satisfies the conditions (1), (3) (for a(0) + a(l), a(2), • • • , a(m)) and 

(2)i (i) J' 1 (^~ 1 (iVUA 1 ) ) iVUA 1 ) = a(0)+a(l) and (ii) J^(V> _1 (A), A) = o(i) (i = 2, • ■ ■ , m). 

Next we apply [1] (the case m = 1) to the data : Mi = iVU Aj., (V'*/^)U/ 1 : P -> V + (Mi) and 

6(0), 6(1) : P -» M, 6(0) = o(0) - JPty-^N),]*), 6(1) = o(l) - ^(^(Ai), 

Note that (a) 6(0) + 6(1) = o(0) +a(l) - J^{i>~ 1 (N U At), N U Ai) = 0, 

(b) 6(0) = o(0) - Jfty-^N^N) > -fi(N) - J^ili-^N)^) = -fi^HN)) = -(^)(N), 
and similarly, 6(1) > — (•0*/x)(A)- 
Then we obtain a map x : P — > T>q{M\)\ which satisfies the conditions (1), (2) and (3) for these 
data. The condition (1) (i) assures that this map has a canonical extension by id, 

X-P^-D c duA2U ... uA jM)l, 

which also satisfies the conditions (1), (3) (for 6(0), 6(1)) and 

(2) 2 (i) J^(x~ 1 (N),N) = b(0) and (ii) J^{ X ~ l {A l ),A l ) = b{l). 
Finally, we see that the map <p : P — > Vg(M)*, tp p = Xp^Pp satisfies the required conditions. 

(1) Since both ifj and X satisfy the condition (1), so is the map ip. 

(2) From the condition (2)2 (ii) it follows that 

a(l) = J^(^- 1 (A 1 ),A l ) + J^OrHA), A) 

= J^-^A^A^) + J»ty- 1 x-\A 1 )rf- 1 A 1 ) = J^ 1 (A l ),A 1 ). 

For i = 2, • • • , m, since x = id on Ai, the condition (2)i (ii) implies that 

a(i) = J^-^Ai^Ai) = J»{<p~ l {Ai),Ai). 

The condition (2)(i) follows from (2) (ii) and Remark 13.21 (A). 

(3) If a p (i) = (i G {1, • • • ,m}), then we have (i) ip p = idu and (ii) b p (0) 
X p = idu- Thus ip p = idu- 

This completes the proof. 
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3.3. Admissible sequences of diffeomorphisms. 

Suppose M is a noncompact connected C°° n-manifold possibly with boundary and d is any fixed 
metric on M. Let J\f(M) denote the set of compact, connected C°° n-submanifold N of M such that 
each C G C(N C ) is noncompact. (We assume that G N{M).) We also let 

A/"( 2 )(M) = {{K, L) G M{M) 2 | (i) K C Int M £, (ii) L n A is connected for each A G C(i^ c )}. 

Note that (i) for any N G N{M) the complementary region N c is a C°° n-submanifold of M consisting 
of finitely many noncompact connected components and (ii) since dim .Em = 0, for any K G M(M) 
and any e > there exists an L G N{M) such that (if, L) G AA 2 )(M) and diam d B < e (B <E C{L C )). 
Let P be a fixed topological space. 

Definition 3.1. A sequence L^, f k ,g k ) (k = 1,2, ■ ■ ■ ) is said to be admissible if it satisfies the 
following conditions for each k = 1, 2, • • • : (Let Lq = and f°=g° = idpi) 

(1) fc K k ,L k G M(M) and (L fc _i, A fe ), (tf fc , L fc ) G AA 2 ) (M). 

(2) fc (i) / fe ,£/ fe : P — > Pg(M)* are continuous maps. 

(ii) f k = ip k f k ~ l and g k = ip k g k ~ 1 

for some continuous maps (p k : P —>■ P >C Q V}Lk 1 (-^)* and ip k : P ^ T>Q VjKk {M)\. 

(3) fc (i) / fe and g k have locally common compact support in IntM. 

(ii) {{f k )~ l } P and {{g k )~ l } P are equicontinuous with respect to c2|m- 

(4) fc (i) diamA<2- fe , diam {g k - 1 )- 1 (A) < 2" fc (A G C(if£)). 

(ii) diamS<2- fc , diam(/ fc ) _1 (^) < 2" fe {B eC(L%)). 

Lemma 3.4. Suppose (K k , L k , f k , g k )k is an admissible sequence. 

(1) The sequences (f k )k and (g k )k converge d\M -uniformly to some continuous maps f,g : P —> 
Vq(M)i respectively. 

(2) r 1 \ Lk = (f k r 1 \ Lk , <rV = to* -1 )" 1 !** (*>!)• 

Proof. We verify the statements for the map /. The argument for the map g is completely same. 
Note that the metric d on M induces the sup-metric d on Map(M) (and on Map(M)). 
[1] The sequence (f k )k has the following properties: 
(i) d(f k ,f k + 1 )<2~ k , d((f k )-\(f k+1 )- l )<2- k (k>l) (ii) (/Vb = (/TV (*>*). 
In fact, from (2)^ and (4)^ it follows that 

(a) ^ k+1 \ Lk =id Lk and (b) (p k+1 (B) = B, dimB < 2~ k (B G C{L c k )). 

This implies that d{ip k+1 ,id M ) < 2~ fc and d(f k , f k+1 ) < T k . On the other hand, 
since (c) {<p k+1 )~ l \ L k = id L u and (d) (tpf l + 1 )- 1 (B) = B (B G C{L%)), it follows that 

C^+TV^/TV and (f k + 1 )- 1 (B) = (f k )- 1 (B), whose diameter < 2~ fe by (4) fc . 

This implies d((/ fe ) _ \ (/ fe+1 ) _1 ) < 2~ fc . By (2) fc (ii), for £ > fe + 1 we have ip e \ Lk = id L u and 

( ft\-\\ (,1 ,k-\-\fk\-\\ (fk\-l(,J ,„fc+l\-l| ( fk\-l\ 

U) II* ={<p---<p f) \L k = U) VP •••V ) II* = U ) II*- 

13 



[2] There exists a canonical extension map r\ : Vq(M)\ — > T~CdiiE M (M). By [1] (i) the maps / = r]f k 
(k > 1) satisfy the following conditions: 

d(f k J k+1 )<2~ k and d{{ty\{f +1 )- l )<2- k (k > 1). 

Since M is compact, the sequences (f k )k and ((/ )~ converge d-uniformly to some continuous 
maps /,/ : P -> Map SuBM (M). Since 

/'/ = iim fc ^ 00 (7 A: ) _1 / fc = »<% and // = lim fc^oo7 fc (7 fc ) _1 = 

it follows that /_ G T~tduE M (M) and / p = /Jm G TLq(M) for each p £ P. Therefore the sequences 
(/ fc ) fc and ((/ fe )^ 1 ) fe converge d| M -uniformly to the maps / = f\ M , f" 1 ■ P -> Ua(M). In [1] (ii), 
tending £ — > oo, we have the condition (2) (i.e., / _1 | L fc = {S h )~ x \u. (fc > 1)). 

[3] Since (fj;)' 1 G 2J a (Af) and f- x \jj. is a C°°-embedding for any k > 1, we have Z" 1 G D 8 (Af). 
To see that / p G Vg(M)i, we have to construct a path P p (i) G Vq(M) (t G [0, 1]) with F p (0) = idu 
and P p (l) = f p . Since ^ G V^ uLk _ x (M)l, there exists a path G ^ uLfc _ x (M) (A; - 1 < t < k) 

such that ® k (k - 1) = id M and $ p (&) = <p p . Replacing [0,1] by [0, oo], we define F p (t) G T>g(M) 
(t G [0, oo]) by 

f*p(*)/p _1 (*: > 1, * - 1 < * < fc) 
[/p (t = oo). 

Obviously F p (t) is continuous on [0, oo). Since F p {ty 1 \ L k = {f p y l \ L k (k <t < oo), it follows that 
F p {t)~ l G V(M) is continuous at i = oo. Hence F p (t) is also contiuous at t = oo. 

[4] Since the maps {f k )~ l '■ P — > X>g(M)i (fc > 1) are continuous, by the condition (2) and the 
defmiton of the compact-open C°°-topology, it follows that the map / _1 : P — ► T>q(M)\ is continuous. 
This implies the continuity of the map / : P — > Pg(M)i. This completes the proof. □ 

Suppose M is a noncompact, connected oriented C°° ra-manifold possibly with boundary and 
Li (i > 0) is a sequence of compact n-submanifolds of M such that Lq = 0, Ujp = M and 
C Intjv/Lj (i > 1). We set S = UjFrM-P and C = UiC(cl(Li — Lj_i)). 

Lemma 3.5. Suppose fi, v : P — > V + (M) are continuous maps such that n(N) = u(N) (N G £). 
Then there exists a map \ '■ P ~ * FJg(M, S)i such that 

(1) X*M = v > (2) x(N) = N (N G C) and (3) if p G P and /x p = t/ien Xp = ^m- 

Proof. Choose a product collar P 1 = dM x [0, 1] of dM in M and a product bicollar E 2 = S x [— 1, 1] 
of S in M such that P 1 intersects with P 2 orthogonally so that 

E 1 HE 2 = dS x [0,1] x [-1,1] and E 1 ^^} n E 2 [-b,b] = dS x [0,a] x [-b,b] (a, b G [0,1]). 
By Lemma 12.31 (2) there exist maps 

^:^Vw( M )i and e 1 :P^C°° (8M, (0,1)) 
such that for each p G P, 

(i) (xp)*/U P = ^p on P^ep], (ii) Xp(^) = #i 6 dM) and (hi) if /i p = u p , then x p = id M - 
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From (ii) it follows that Xp £ Dd(M] S)i and Xp(N) = N (N £ C). Thus we obtain maps 
X \ iP^VaiM-S)! and /i 1 = X ln ■ P -» V+(M), /i* = (xpO*AV 
By Lemma 12.31 (1) there exist maps 

X^P^^SUCMX^CM)! and e 2 : P -> C°°(S, (0, 1)) 
such that for each p G P, (i)' (Xp)*/-fp = ^p on E 2 [— e p , e 2 ], and 

(ii)' for each x £ S (a) Xp((^ 2 )z ) = (E 2 )t and ( b ) if Mp = ^p on (P 2 )±, then x 2 , = id on (P 2 )±. 
From (ii)' it follows that x p £ ^ausu(A/\_E 2 )(^)i and Xp(N) = N (N £ £). Thus we obtain maps 
4:P-Z> e (M;S)i and ^ 2 = xV : P - V+(M), Mp = (Xp)*J«p- 
For each TV G £, let <9_iV = dNndM and <9+7V = Fr M iV = <9iV n 5. Then 

P^ = (E 1 UE 2 )HN= (E 2 9+N HN)U E l a _ N 
is a collar of <9iV in N. Consider the continuous maps [i 2 \n, v\n '■ P —* V + (N) and 

e N : P -> (0, 1/2), £ p = ~2 min { min 41^-^' min£p| 9+A r}. 
For each p G P it is seen that 

^(JV) = u p {N) and _ ^ on ^iv^ 2e ^]. 

In fact, since x 2 p {N) = Xp(N) = iV, it follows that ^(N) = fj, p (N) = (J, P (N) = v p {N). By (i)' and 
(i) we have p 2 = v p on Eg +N [—2e p , 2e p ] and fJLp = v p on Eg_ N [0, 2s p ]. The latter and (ii)' (b) imply 
that Xp = id on Eq_ n [0, 2s p } and so p, 2 = [i p = v p on Eg_ N [0, 2e^ ]. 

Then, Theorem 12.11 yields a map x^ : P — * T^d(N)i such that for each p £ P 

(i)" 0^)*0*pk) = fpliv, (h)" X P = id on. E N [0,e*] (Xp is isotopic to id N relative to E N [0,eg]), 
(hi)" if /i 2 |jv = v p \n, then x^ = idjv. 
Define a map x 3 : P -» ^dusWi by Xpk = X^ (iVe £). Then we have (Xp)*/Jp = v v {p £ P). 
Finally, the required map x is defined by the composition 

X :P^v d {M,S)x, Xp = x 3 P x 2 P xl (peP). 

If fi p = v p , then Xp = and fip = v p . In turn, this implies that x p = idu and p 2 = ^ = v p so 
that Xp = idM and hence Xp = idi/- D 

3.4. Main deformation theorem. 

Suppose M is a noncompact connected oriented C°° n-manifold possibly with boundary, d is a fixed 
metric on M and /x, f : P — > V + (M) are continuous maps. Let J-{M) denote the class of connected 
C°° n-submanifold N of M such that Fr A /iV is compact and set T C (M) = {N £ T{M) \ N : compact}. 
Let C (P) denote the set of all continuous functions a : P — > M and 2? denote the collection of all 
continuous maps / : P — > £>g(M)i. 

Assumption 3.1. Suppose a subclass .P of J-(M) and a map a : D 2 x f ^ C°(P) satisfies the 
following conditions : 
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(*o) F {M) C T and \i{A) = v(A) = oo (A e F(M) - T). 
(*i) a(f,g-C)e(-n{r l {C)),v{g- l {C))) (f,geV,Cef). 
(*2) a(f 2 ,g;C)=a(f 1 ,g;C) + JnfrHC)J2 1 (.C)) 

if, fi,j2, 9,91,92 CeJ 7 ). 

a(f,g 2 ;C) = a(f,g 1 ;C)-J»(g^(C),g 2 1 (C)) 
(* 3 ) If (K, L) eAA 2 )(M), ^ G C(if c ) and C(A n L c ) C J", then 

and a(/, 9 ;inL) + E BeC ( Ani = ) a(/,!?;fi)=a(/,fl; J 4) {f,9^V). 
(* 4 ) If M G J 7 , then a(wf M , M) = 0. 

Remark 3.3. From (*2) it follows that for p G P 

(i) a p (f 1 ,g 1 ;C)=a p (f 2 ,g 2 -C) if (/i)" 1 ^) = (^(C) and (^(C) = (^(C) 

(for example, = (/ 2 ) p and (#i) p = (g 2 ) p ), 

(ii) a p (^f,g;C)=a p (f,g;C) ii cpeV and ip p = id on C. 

See Section 4 for explicit examples of (a, J 7 ). 

Recall the defining conditions (l) k ~ (4)/% for admissible sequences in Definition 13.11 

Theorem 3.1. [1] There exists an admissible sequence (K k , L k , f k , g k ) {k = 1,2, •••) (L° = 0, 
f° = g° = idhj) which satisfies the following additional conditions: 

(5) fc (i) a(f k ,g k - 1 ;C) = ( C G C{cl(K k - L fc _ x )) U (C(K fe c ) n ^)) ) 

(ii) a(/ fc , 5 fc ;C) = ( C G C(d(L fe - U (C(L c fc ) n F)) ) 

(6) fc I/p G P and a p (idM,idM',C) = (C G J"), f/ien f p =g p = idM- 

[2] T/ie sequences (f k )k, (9 k )k converge d\jn -uniformly to some maps f,g:P—> T>q{M)\ respectively. 
The maps f and g satisfy the following conditions: 

(1) r 1 ^ = U k r x \L k , g- x \K k = (g*- 1 )- 1 ^ (k > i). 

(2) a(f,g; C) = for any C G T with 

C G C{K c k ) U C(L%) U C{cl{K k - L fc _i)) U C(d(L fc - /or some jfe > 1. 

(3) I/p G P and a p (idM,idM] C) = (C G ^ r ), i/ien f p = g p = idM- 

Proof. [1] Suppose A; > 1 and assume that we have constructed (Ki, Li, f l , g l ) (i = 1, • • • , k — 1) 
which satisfy the conditions (l)j ~ (6)j (i = 1, ■ • • , k — 1). The tuple (K k , L k , f k ,g k ) is constructed 
as follows: 

K k : Since {{9 p ~ 1 ) 1 } p is equi-continuous with respect to d\u, we can find K k G N{M) which 
satisfies (1)^ and (4)^ (i). 

f k : For each B G C(L|_ 1 ) we construct a map ip B : P — ► Pg uBc (M)* which satisfies the following 
conditions: 

(3)1 (i) v 3 " 8 nas locally common compact support in IntM. 
(ii) {(<p p )~ 1 } P is equicontinuous with respect to d\ja- 

(5)' fc a(^ B f k -\g k - 1 -BnK k ) = and a(ip B f k ~ 1 , g k ~ 1 ; A) = (A £ C(B n K£) n J 7 ). 
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(Q)' k If p G P and a p (id,M,idM', C) = (C G P), then ^ = zc^/- 
Consider the decomposition of B and the associated functions in C°(P) defined by 

(1) 5 = iV U ( U| =1 Ai) U ( UjLi ^) (£, m > 0, I + m > 1), 

where ]V = 4 =5n4 C(P n K$ n P = {Ai, • • • , A/}, C{B n K£) - f = {A[, ■ ■ ■ , A' m } 

(ii) a(i) = a(f k - 1 ,g k - 1 ;A l ) (i = 0, 1, • • • ,£), b(j) = ~ELo «W (j = V",m). 
In order to apply Lemma ET3l to these data and (f k ~l h)\b, we have to check the next conditions: 

(a) a(0) + ZUa(i) + ET=iKj) = 0, 

(b) a(i) > -/x((/ fc - 1 )- 1 (A i )) (* = 0, 1,--- ,£), 6(j) > -mCC/*" 1 )" 1 ^)) (i = l,"-,m). 

For (a), if m > 1, then this follows from the definition of b(j) 7 s. If m = 0, then from (1=3) and 
(5) fc _i (ii) ((* 4 ) for k = 1) it follows that Bef and ^ =0 o(t) = a(/ fc-1 ,g k ~ 1 ; B) = 0. 

For (b), the assertion for a(i)'s follows from (*i). Since A'j G" P, from (* ) it follows that /x(A^) = 00. 
Since each f k ~ x has a compact support, we also have //((/ 1 )~ 1 (A'-)) = 00, which obviously implies 
the assertion for b(j)'s. 

Now Lemma [3731 can be applied to yield a map ip B : P — ► £>^ uBC (M)J which satisfies (3)' fc and the 
next conditions: 

(5) 2 /^((^r 1 ^),^) = a(i) (* = 0, 1,--- ,£), J^V^)-!^),^) = (j = 1,... , m ). 

(6) £ If p G P and ctp(i) = (i = 0, 1, ■■■,£) (so that b p (j) = (j = 1, • ■ ■ , m)), then ^ = 

We note that the conditions (5)^ and (6)^ imply (5)' fc and (6)' fc respectively. In fact, by (* 2 ) and 
Lemma |2. II the condition implies that 

a(^ B f k ~\g k - 1 ;A t ) = a(f k -\g k - 1 ] A l ) + J^((f k ~YHA)d^ B f k ~Y\A)) 

= a{i)-J^^ B Y\A i ),A i ) = Q (i = 0, 1, - - ■ ,£). 

If p G P and a p (id,M,idM',C) = (C G P), then from (6)fe_i and Remark 3.3 (i) it follows that 

fp~ 1 = gp~ 1 = i dM and Op(i) = ap(f k ~ 1 ,g k ~ 1 ; A*) = a p (id M ,id M \ A) = (i = 0, 1, ■ • • ,£), 

and from (6)^ follows ip B = idju- 

Finally, we define a map ip k : P —>■ P^uL fc by 

ip k = ip Bl ■ ■ ■ (p Br (p G P), where C(L^_ 1 ) = {Pi, • • • , B r } is any ordering. 

Then the required map f k :P^ V c d {M)\ is defined by f k = ip k f k ~-K The conditions (3) fc and (6) fc 
follow from (3)k-i, (3)' fc and (6)fc_i, (6)' fc respectively, while the condition (5)& follows from (5)' fc and 
Remark 13.31 (ii) . 

Lfc : Since {(fp)~ l }, p is equi-continuous, we can find G N(M) which satisfies (1)^ and (4)& (ii). 
g k : The map ip k and g k are obtained by the same arguments, using Lemma f3.3l and Remark l3. 21 (B). 

[2] The existence of the limit maps / and g and the condition (1) follow from Lemma 13.41 

(2) For each k > 1 
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(i) since r 1 = (f k y l and g' 1 = (s^ 1 )" 1 on K k , for any C G {C{K^)\JC{cl{K k -L k _ x )) 
it follows that f-\C) = {f k )- l {C), g- l {C) = (g k - 1 )- 1 (C) and hence 
a(f,g;C)=a(f k ,g k ~ 1 ;C)=0 by Remark EJ(i) and (5) fc (i), 

(ii) since /- 1 = (Z^)" 1 and g' 1 = {g k )~ l on L k , for any C € {C{L%) n P) U C(cZ(L fc - tf fc )) 
it follows that = = and hence 

a(/, 5 ; C) = a(/ fc ,g fc ;C7) = by Remark and (5) fc (ii). 

(3) The assertion follows from (6)fc. □ 

4. Proof of Theorems 1.1 and 1.2 

In this section we apply Theorem l3.1l to deduce Theorems 1.1 and 1.2. Suppose M is a noncompact 
connected oriented C°° n-manifold possibly with boundary and d is a fixed metric on M. 

4.1. Proof of Theorem 1.1. 

Suppose P is an open subset of Em and fx, u : P — > V + (M;F) e „, are continuous maps with 
p„(M) = i/ p (M) (p G P). 

Definition 4.1. We define (P, a) as follows : 

(i) P={CGP(Af) \E C CF}, 

(ii) a : V 2 x -> C°(P) : a(f,g; C) = u{g-\C)) - Kf'HC)) = (<?*^)(C) - (M(C). 

Remark 4.1. For C G P(M) and / G T> we have 

(a) C G P iff m(C) < oo (or v(C) < oo), since E 1 ^ = E M = F (p G P). 

(b) P/-i(c) = Pc and so C G P iff Z" 1 ^) G P> since /p G V E M {M) (p G P). 

Lemma 4.1. T/ie map a zs well-defined and (P, a) satisfies the conditions (*o) ~ (*4) in Assump- 
tion \3.1[ 

Proof. Remark O implies that //(/^(C)), i/^-^CT)) < oo. Since ^(/^(C)) = ^(/^(C), (7) + 
//(C), by Lemmas 12.21 and 12.41 the map /^(/ _1 (C)) : P — > R is continuous. Similarly, the map 
z/(g (C)) : P — > R is continuous. Thus, the map a(f,g; C) : P — > M is continuous and the map a is 
well-defined. The conditions (*o) ~ (*4) are verified as follows. 

(*o) Obviously P C (M) C P and by Remark 0(a) we have (i(A) = v(A) = oo (A G P(M) - P). 
(*i) »(/,(/; C) = v{g- l (C))-v(f- l (C)) G (- M (/-i(C)), K^C)))- 
(* a ) Since n(fr\C)), vig^lC)) < oo (» = 1,2), we have 

a(/ 1)5 ; C) + J^/fHC), /^(C)) = u{g-\C)) - ^\C)) + ^\C)) - ^\C)) 

= u{g-\C)) - m(/ 2 -1 (C7)) = a(/ 2 , <?; C), 
a(/, 9l ;C) - r&\C)^(C)) = v(g^ l (C)) - Kr\C)) - {v(g^(C)) - v(g^(C))) 

= u{g 2 \C)) - Kf-\C)) = a(f,g 2 ;C). 
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(* 3 ) If (K,L) G AfW(M), A G C(K C ) and C(A n L c ) C J 7 , then 

(i) n(A) = n{A fl L) + Es eC (A n l') KB) < °°> so that ^ e ^ 

(ii) a(/,s;AnL) + £ BeC(AnL = ) a(/,s;.B) 

= K<rV n L)) - n(f-\A n L)) + E B ec(An L1 Hg-\B)) - Kr\B))) 

= v(g-\A))- t i(f- 1 (A))=a(f,g;A). 
(* 4 ) If MG J, then a(idM,id,M', M) = v{M) — fi(M) = by the assumption on /i and v. □ 

Proof of Theorem 1.1. By Theorem 13. II we obtain an admissible sequence (K k , L k , f k , g k )k>i an d 
the limit maps /, g : P — > T>q(M)\ which satisfy the following conditions: 

(1) a(f,g;C) = (i.e., (/*//)(C) = (g*v)(C)) 

for any C G C(cl{K k - L fc _ x )) U C(cl(L fc - K k )) (k > 1). 

(2) If p € P and a p (idM,idM', C) = (C G f ) (i.e., ^ p = v p ), then f p = g p = icLm- 
By the condition (1) and Lemma 13.51 we obtain a map x : P ~ > "Dg(M)i such that 

(i) X*(/*aO = 9* v and (ii) if p G P and (/ p )*Mp = (g P )*v p , then x P = i^Af- 

Finally, the required map /i : P — > Vq(M)\ is defined by /i p = g p l Xpfp (? £ -f 5 )- ^ 

Theorem 1.1 is equivalent to the following statement. 

Theorem 1.1'. Suppose P is any topological space and Jl : P x [0, 1] — > V + (M;P) eu , is a homotopy 
with Jt p (t)(M) = /I p (0)(M) ((p,t) G Px [0, 1]). TTten t/iere ermfc a homotopy h : Px [0, 1] -> V d (M) l 
such that for each (p, t)ePx [0, 1] 

(1) h p (t)*Ji p (0) = Jl p (t), (2) /t p (0) = id^f and (3) ifjl p {t) = J1 P (0), then h p (t) = idM- 

Proof. The homotopy /i in Theorem 1.1' is obtained by applying Thereom 1.1 to the maps Jl and 

Jl':Px [0, 1] -> V+(M; P) etu , /Z'(t) = £(0) (t G [0, 1]). 

The maps fj,,v : P — » V + (M;P) eu , in Theorem 1.1 are connected by the affine homotopy 
: P x [0, 1] — > V + (M; F) ew , Jl(t) = (1 — t)fi + izA Theorem 1.1' yields a homotopy /i which 

traces Jl, and the map h = h(l) satisfies the required conditions in Theorem 1.1. □ 

Proof of Corollary 1.1 (1). We apply Theorem 1.1 to the data: 

P = V + (M; m, F), the constant map P — > V + (M; F), /j, i—> uj and the inclusion map P C V + (M; P). 

This yields a map cr : P — > X>(M)i such that a(/j,)*uj = fi (/i G P) and <t(u;) = idjvf- This means that 
the map ct is the required section of ir^ . □ 

Corollary 1.1 (2) is a special case of the next corollary. 

Corollary 4.1. Suppose G is any subgroup ofD + (M;F) with T>q(M)\ C G. Then 

(1) (G,GnV(M;u)) * (V+{M;m,F) ew ,{u}) x (G nV(M;u)). 

(2) G fl V(M; uj) is a strong deformation retract of G. 
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Proof. (1) The required homeomorphism ip : G — > V + (M; m, F) ew x (G D T>(M;u)) is denned by 
(p(h) = (7r w (/i), (^"(^(/i))) -1 /!). The inverse is given by /i) = a(fi)h. 

(2) Since the singleton {u;} is a strong deformation retract of V + (M ; m, F) ew , the conclusion follows 
from (1). □ 

Remark 4.2. P 9 (M)i nP(M;w) = 2? a (M;w)i. 

Proof. By Corollary 14.11 (2) X>a(M)i nV(M;Lo) is a strong deformation retract of Vq{M)\. Since the 
latter is path-connected, so is the former. □ 

4.2. Proof of Theorem 1.2. 

Suppose /x : P — > V + (M) and a : P — > S(M) are continuous maps such that a p € 5(M, /x p ) (p G P). 
(Let f = /i.) 

Definition 4.2. We define (J-,a) as follows : 

(i) P = P(M), 

(ii) 5 : x .P ^ C°(P) : a(f,g;C) = a(E c )-J^r 1 (C),g- 1 (C)). 

Lemma 4.2. The map a is well-defined and (J 7 , a) satisfies the conditions (* ) ~ (*4) in Assump- 
tion \3.1\ 

The map a is well-defined and (J-, a) satisfies the conditions (*o) ~ (*4) in Assumption 13. 1[ 

Proof. Lemma 12.21 implies that the function J^(f~ l (C),g~ l {C)) : P — > M. is well-defined and con- 
tinuous, while the continuity of the function a{Ec) ■ P — > M follows from the definition of the weak 
topology of <S(M). The conditions (* ) ~ (*4) are verified as follows. 

(*o) The assertion is trivial. 

(*i) Let (f,g,C) G T> 2 x T and p G P. Since / p ,g p <G T> Em {M), we have P c = E f- 1 (c) = E gp 1 (C)- 
II E c C P^J, then (a) a p (P c ) = since a p G S(M;/ip) and (b) ^(/- X (C)), ^{g^C)) < oo, 
so that 

If P c £ then VpifpHC)) = M9 P HC)) = oo. 

In both cases, we have a p (f,g;C) G {-Hp{f~ 1 {C)),Hp(g~ 1 {C))). 

(* 2 ) By Lemma |2. II it follows that 

H(/ 1)5 ;C) + J»(K X (C),fc\C)) = a{E c ) - J^fr\C),g- l (C)) - J^ l {C)J^{C)) 

= a(E c )-J^ 1 (C),g- l (C)) = a(f 2 ,g;C), 
a(f,gv,C) - J»(g^(C),g^(C)) = a{E c ) - J»{r\C),g^{C)) - J" (g^ 1 (C) , g 2 l (C)) 

= a(E c ) - J^f-\C),g^(C)) = a(f,g 2 ;C). 
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(* 3 ) Let (K,L) G J\f( 2 \M), A G C(K C ) and f,g£T>. Set N = AnL and C{AnL c ) = {B u ■ ■ ■ ,B m }. 
Note that (a) a(Pjv) = since N is compact and En = and (b) cl(Ea) = ^ a(£ , B i ) since 
Ea is the disjoint union of P^ (i = 1, • • ■ , m). Thus by Lemma 12.11 (3) we have 

a(f,9-,N) + = -WH^g^N)) + (a(P B J - J» if' 1 (Bi) , g' 1 &))) 

= a(E A ) - J»(f- 1 (A),g- 1 (A))=a(f,g;A). 

(* 4 ) a{id M ,id M \ M) = a{E M ) - J^(M, M) = 0. □ 

Proof of Theorem 1.2. Theorem [3J] yields an admissible sequence (K k , g k )k>i an d the limit 

maps : P — > Vg(M)x which satisfy the following conditions: 

(1) a(f,g;C) = for any C G C(cl(K k - L k _i)) U C(cl(L k - K k )) U C(K c k ) U C[L%) (k > 1). 

(2) If p G P and a p (id,M,idM', C) = (C G P), then f P = g P = idu- 

For any C G C(cl(K k — L k ^\))\JC{cl{L k — K k )) (k > 1), since C is compact, it follows that P^ = 
and /u(/ _1 (C)),/x(# _1 (C)) < oo, so that 

= a(/, 5 ;C) = -J^rH^g-^C)) = M(C) - CM(C). 

Thus, by Lemma 13.51 we obtain a map x : P — > T>q{M)\ such that 

(3) (i) X*(/*M) = #*M> (ii) if p G P and (/p)*^p = (flip)*^,, then x P = idjwf and 
(iii) x(C) = C (C G C(d(Jf* - U C(cZ(P fe - if fc )), fc > 1). 

We show that the map ft : P — > T>g(M)i, h p = g~ 1 \pfp (p G P) satisfies the required conditions. 

(a) By Remark [O] we have ftp G X>a(M)i n Vq(M; fj, p ) = Vg(M; n p ) x . 

(b) For any ,4 G C(K£) (fc > 1), since f p G V Em {M) (p G P), we have P^ = P/-i( A ), and by the 
condition (1) it follows that 

c£(P A ) = cj^-x^)) = ^(r 1 ^), = J^rHA\g-HA)) = a{E A ). 

In general, for any P G Q(Em), there exists A; > 1 and A\,--- ,A# G C(K k ) such that 
P = UjPa, (a disjoint union). Then, we have c^(P) = ^ <%( E Ai) = Yli a ( E A l ) = a(F). 
This implies that = a. 

(c) If a p = 0, then a p (idM,idM',C) = (C G P). Thus f p = g p = idu by the condition (2) and 
so Xp = by the condition (3) (ii). This implies that h p = idu- 

This completes the proof. □ 

Theorem 11.21 has the following slight generalization. 

Theorem 1.2'. Suppose P is any topological space and p, : P — > V + (M) and a : P — > S(M) are 
continuous maps such that a p G S(M;fi p ) (p G P). Tften iftere exists a homotopy h : P x [0, 1] — > 
D 9 (M)i swcft iftot /or eacft (p,t) G P x [0, 1] 

(1) h p (t) G T>g(M; fj, p )i, (2) ft p (0) = ic£/w> (3) ^(t) = anc ^ (4) if a p = 0, iften h p (t) = idu- 
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Proof. The homotopy h is obtained by applying Theorem 11.21 to the maps 

Jl:Px [0,1] - V+(M), Jl m =/ip and 3 : P x [0, 1] S(M), a M = tap. u 

Proof of Corollary 1.2 (1). The required section is obtained by applying Theorem 1.2 to the data: 
P = S(M; uj), the constant map \x = uj : P -> V + (M) and id : P ^ S(M; uj). □ 

Suppose G is any subgroup of T>e m (M;uj) with Vq(M;uj)i C G. Consider the restriction c w |g : 
G — ► S(M;uj). Corollary 1.2 (2) is a special case of the next corollary. 

Corollary 4.2. (1) (G,kerc w | G ) (S(M;w),0) x kerc w | G . 
(2) kerc^lc* is a strong deformation retract of G. 

Proof. (1) The required homeomorphism tp : G — > S(M; uj) x kerc^lc is defined by 
<£>(/i) = (c^, (s(c^)) _1 /i). The inverse is given by (^ _1 (a, /) = s(a)f. 

(2) Since the topological vector space S(M;uj) strong deformation retracts onto {0}, the conclusion 
follows from (1). □ 

Appendix 

This appendix includes the proofs of Theorem 12.11 and Lemma 12.31 stated in Section 2.4. These are 
appropriate parametrized versions of Moser's theorem P, Theorem 2] and [10\ Lemma A2], and we 
trace the arguments in [91 [TO] together with the continuity of related maps with respect to volume 
forms. 

Proof of Theorem [27T1 For simplicity, let E t = E[0,t](= dM x [0,t]) and M t = M - dM x [0,t) 
for t G [0, 1]. Consider the subspace of V+(M) x V+(M) x (0, 1/2) defined by 

W + (M) = Ua,r,S) G V + (M) x V + (M) x (0,1/2) a(M) = r(M),a = r on P 25 }. 

We show that there exists a continuous map ip : W + (M) — > T>q{M)\ such that = ip{a, r, <5) satisfies 
the following conditions: 

(1) ip*a = r, (2) i/j = i^Af o n Eg, (3) if a = r, then ^ = idy[- 

Then the required map <p : P — > X>g(M)i is defined by 

<p(p) = ip{fj,{p),u(p),e(p)) (p G P). 

A construction of the map ^ is described in [9] and [H Ch I §4]. As for notations, for a smooth 
orientable C°° n-manifold N possibly with corners and a compact subset C of N, let 

^l k (N;C) = {A G tl k (N) | suppA C C} (jfe > 0) and {l n (N; C)q = G tl n (N; C) J uj = oj . 

The arguments in [6j Ch I §4] (The Poincare Lemma for compactly supported cohomology) yields 
a continuous map 

r/„ : ft n (M n ; [-l,lf) ^ ^^(M™; [-1,1]™) such that dr] n {uj) = uj (wefi n (I n ;[-l,l] n )o). 

22 



In fact, for to G n n (R n ; [-1, l] n ) we have 

oj = {-l) n - l dKu> + (it*uj) A e, 
where Kuj G fi"- 1 ^"; [-1, l] n ) and tt*u; G n" -1 ^ 1 * -1 ; [-1, l] n-1 ) are defined as follows. We set 

/oo 
e(s) ds = 1 
-oo 

and put 

= / e(s)ds G C°°(K). 

J — oo 

Tiu = fdx 1 A---Adx n (/ G C°°(R n ), supp/ C [-1,1]™), then 

/£ /'oo 
f (x , s) ds — A(t) / f(x,s)ds, and 
-oo J — oo 

7r*u; = I / /(a;, s) ds I dxi A • • • A dx n -\. 



Thus, if the map is already defined, then 7r*w = <ir/ n _i(7r*tj) and the map r/ n is recursively 
defined by 

r] n (u) = (-ly^Ku +r/ n _i(7r„tj) A e. 

To uniformize the local statement in the preceeding paragraph, the Mayer - Vietoris argument 
is applied with using a good cover and a partition of unity (cf. [61 Ch I §5]). Take any open cover 
U = {Uj} 7 JL 1 of Mi/2 m Int -^1/3 such that U is a good cover of UjC/j- and i/j-nM^ 7^ (j = 1, • • • , m). 
Then, by the proof of [91 Lemma 1] we can find compact subsets Kj in Uj (j = 1, • • • , m) and 
continuous maps 

n n (M; M 1/2 ) 3 ui 1 — > u)j G ft n (M; i^) = 1, • • • , m) 
such that w = X] j=i w i • Since there exists a diffeomorphism from {7j onto 1" which maps Kj into 
[—1, l] n , we can apply the result in the preceeding paragraph to each Uj and sum up to obtain a 
continuous map 

r] : Q"(M; M 1/2 )q -» n ft_1 (Af; M 1/3 ) such that dr/(ca) = w (w G fi n (M; M 1/2 )o)- 

Replacing 77(0;) by 77(0;) — 77(C)), we may assume that 77(0) = 0. 

Now we can apply the Moser's argument [9j Theorem 2]. Define the subspace W + (-/Vf) 1/ /4 of 
V+(M) x V + (M) by 

W+(M) 1/4 = {(<t,t) G V + (M) x V + (M) a(M) = r(M), cr = r on £ 1/2 }. 

For each (cr, r) G W + (M) 1 / 4 we have a smooth family of volume forms = r + t(a — r) G V + (M) 
(i G [0, 1]). Since cr — r G Q n (M; M 1/ / 2 )o> it follows that f t = o — r = dr](a — r). The linear equation 

(*) t(X t )r t = -77 (cr - t) 

uniquely determines a smooth family of vector fields Xt (t G [0, 1]) on M, which induces the associated 
smooth family of diffeomorphisms ipt = 4>t(o', T ) S V{M) such that tpo = ^M- The equation (*) 
implies that 

(a) -^Pt T t = 4>t {n + L(X t )dT t + di(X t )T t ) = 0, hence Vt T t = t and tp*a = r, 
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(b) if a = t, then X t = and so tpt = ^m- 
Since rj(a — r) G f2 n_1 (M; My^), it follows that suppX^ C M1/3 and hence suppt/'i C My^. The 
coordinate representation of Xt in [HI p 293] shows that the correspondence (a, r) i— > (Xt) tg j 0> i] is 
continuous under the compact-open C°°-topology. Thus, the correspondence (a, r) i— » (V't)t6[o,i] i s 
also continuous under the compact-open C°°-topology and the map 

i>' : W+(M) 1/4 - 2?e 1/3 (M)i, V' = V^r)- 1 

satisfies the conditions : (c) ?/^cr = r and (d) if a = r, then 1/3' = idu- 

Finally we incorporate the (0, l/2)-factor to W + (M) 1/ / 4 . By a suitable smooth sliding in the collar 
E we can construct a map 

X- (0,1/2) -Dauj^M)! 

such that (e) x<5 = *d on £?,j/ 2 and (f) x<5(£<5) = #1/3 > X5(^2<5) = #1/2- 
Then, the desired map ip : W + (M) — » Pg(M)i is defined by 

tp(a, r, J) = V((x<s)*°"> {xs)*t)X8- 
This completes the proof. □ 

Proof of Lemma 12.31 Since the maps fi, v factor through the projections ttx, H2 from the product 
Pq = V + (M) x V + (M) onto the 1st and 2nd factor, it suffices to consider the case where (P,fj,,u) = 
(Po,7ri,7r 2 ). 

(1) We may assume that (M,E,S) = (S x R, S x [-1,1], S x {0}), where 5 is an oriented C°° 
(n — l)-manifold possibly with boundary and the orientation of M is induced from that of S and the 
standard orientation of M. We fix ujq G V + (S) and set w = wo A (it G V + (M). 

We shall construct maps 

i> - V + (S) V Su{M _ Eu) {M) x and 5 : V+(5) -> C°°(S, (0, 1)) 
such that for fx G V + (5) 

(i) ' (ip^^fj, = u on E'xf-^,^], 

(ii) ' for each x G 5, (a) ip^(E^r) = E^r and 

(b) (Vv)|£± depends only on /u| E ± (i.e., if fi,v G V + (M) and fi = u on E^r, then ^ = t/v 
on £±). 

Then the required map </? : P$ —* ^ , 5u(Af-_E (7 )(-^)i is defined by V 3 ^,^) = V^Vv Since 

(%)*fi = u = {i/>v)*v on ^[-^j,),^^)] = min^,^}), 

if we choose a map e : Pq ^ C°°(S, (0, 1)) so that £(^ v ) is sufficiently small for each (fi, v) G Po, then 
the maps (p and e satisfies the required conditions. 

The construction of the map tp is described in [101 Lemma A2]. The key observation is that for 
each / G C°°(M) the associated map 

(ff.M^M, <p f (x,t) = (x,f(x,t)) 
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has the property that {<ff)*uj = ft&, where f t = jfc. 
Consider the following subspaces of C°°(M): 

C°°(M) >0 = {/ G C°°(M) | / > 0}, C°°(M)' = {/ G C°°(M) | /(x, 0) = 0, / t > 0}. 

Take three functions a e C°°(M, (-1/2, 1/2)), A G C*°°(R, [0, 1]) and p G C°°(S, [0, 1]) such that 

(a) a (t) = t (\t\ < 1/3), a t > 0, 

(b) X(t) = X(-t), X(t) = (|*| < 1/2), X(t) = 1 (\t\ > 1), X t (t) > (t > 0) and 

(c) p(x) = (i £ 7), p(x) = 1 on (x G S 1 — [/), where V is an open subset of S with iiT C V C C7. 

Choose a continuous map 7 : C°°(M)' -> C ,oc (S', (0, 1/2)) such that 

/(S[- 7 /,7/])C [-1/3,1/3] (/er(M)'). 
For each / G C°°(M)' we define /g C°°(M)' by 

/(x, t) = (1 - p(x))g(x, t) + p{x) ■ t, g{x, t) = (1 - A(t))a(/(x, t)) + A(t) • t ((x, t) G M). 
Since f(x,t) = t ((x,t) G S U (M - E[/)) and / = / on Sy[-7/,7/], it follows that 

(a) ipjr e T> S[J{M _ Eu) {M)i and (b) (ipf)*u = f t u = f t u on E v [-j f , 7/]. 
Each G V + (M) uniquely determines /i M G C oo (M) >0 such that // = h^u. Define / M G C°°{M)' 

by 

/ M (x,t) = / h IJi (x,s)ds. 
Jo 

Since (/ M )t = it is seen that 

(<Pt)* u = K u = A* on ^v[-7/^.7/J- 

Finally we define the map Y> : V + (S') — > ^ ) 5u(M-_b !7 )( j W)i by ^ = Vj'- The condition (ii)' follows 
from the construction of the map ip. If we choose a map <5 : V + (S') — > C 00 (S', (0, 1)) so that <5 M is 
sufficiently small for each /i G V + (5), then the maps ^ and 5 satisfy the condition (i)'. 

(2) We may assume that (M, E, dM) = (S x [0, 00), S x [0, l],Sx {0}), where S is an oriented C°° 
(n — l)-manifold possibly with boundary. The assertion (2) follows from the same argument as in (1) 
by ignoring the (—00, 0]-side. □ 
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